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Simpson’s Paradox is a statistical phenomenon where an
association between two variables in a population
emerges, disappears
or reverses when the population is divided into subpopulations. For
instance, two variables
may be positively associated in a population,
but be independent or even negatively associated in all
subpopulations. Cases exhibiting the paradox are unproblematic from
the perspective of mathematics and
probability theory, but
nevertheless strike many people as surprising. Additionally, the
paradox has implications
for a range of areas that rely on
probabilities, including decision theory, causal inference, and
evolutionary
biology. Finally, there are many instances of the
paradox, including in epidemiology and in studies of
discrimination,
where understanding the paradox is essential for drawing the correct
conclusions from the data.

The following article provides a mathematical analysis of the paradox,
explains its role in causal reasoning and
inference, compares theories
of what makes the paradox seem paradoxical, and surveys its
applications in
different domains.
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1. Introduction

We begin with an illustration of the paradox with concrete data. The
numbers in
Table 1
summarize the effect of
a medical treatment for the overall
population (N = 52), and separately for men and women:

Full Population, Men , Women , N = 52 (M) N = 20 (¬M) N = 32
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Success Failure Success Rate Success Failure Success Rate Success Failure Success Rate
Treatment (T) 20 20 50% 8 5 ≈ 61% 12 15 ≈ 44%

Control


(¬T)

6 6 50% 4 3 ≈ 57% 2 3 ≈ 40%

Table 1: Simpson's Paradox: the type of
association at the population level (positive, negative, independent)
changes at the level of
subpopulations. Numbers taken from
Simpson’s original example (1951).

For matters of exposition, we assume that these frequencies are
unbiased estimates of the underlying
probabilities. The treatment
looks ineffective at the level of the overall population, but it leads
to higher success
percentages than the control both for men and for
women (61% vs. 57% for men and 44% vs. 40% for women).
Writing these
proportions as conditional probabilities, with =treatment,
 =success/recovery, and =male
subpopulation, we
obtain

but at the same time,

Should we use the treatment or not? When we know the gender of the
patient, we would presumably administer
the treatment, whereas it does
not look like the right thing to do when we don’t know the
patient’s gender—
although we know that the patient is
either male or female!

This phenomenon was first pointed out in papers by Karl G. Pearson
(1899) and George U. Yule (1903), but it
was Simpson’s short
paper “The interpretation of interaction in contingency
tables” (1951), discussing the
interpretation of such
association reversals, that led to the phenomenon being labeled as
“Simpson’s Paradox”.
The phenomenon is, however,
broader than independence in the overall population and positive
association in
the subpopulations; for example, the associations may
also be reversed. Nagel and Cohen (1934: ch. 16) provide
an example of
such a reversal as part of a exercise for logic students.

Understanding the paradox is essential for drawing the proper
conclusions from statistical data. To give a recent
example involving
the paradox (Kügelgen, Gresele, & Schölkopf [see
Other Internet Resources]),
early data
revealed that the case fatality rate for Covid-19 was
higher in Italy than in China overall. Yet within every age
group the
fatality rate was higher in China than in Italy. One thus appears to
get opposite conclusions about the
comparative severity of the virus
in the countries depending on whether one compares the whole
populations or
the age-partitioned populations. Having a proper
analysis of what is going on is such cases is thus crucial for
using
statistics to inform policy.

In what follows,
Section 2
explains different varieties of the paradox, clarifies the logical
relationships between
them, and identifies precise conditions for when
the paradox can occur. While that section focuses on the
mathematical
characterization of the paradox,
Section 3
focuses on its role in causal inference, its implications
for
probabilistic theories of causality, and its analysis by means of
causal models based on directed acyclic
graphs (DAGs: Spirtes,
Glymour, & Scheines 2000; Pearl 2000 [2009]).

Based on these different approaches,
Section 4
discusses different analyses of what makes Simpson’s Paradox
look paradoxical, and what kind of error it reveals in human
reasoning. This section also reports empirical
findings on the
prevalence of the paradox in reasoning and inference.
Section 5
surveys the occurrence and
interpretation of the paradox in applied
statistics (regression models), philosophy of biology, decision theory
and
public policy. For example, Simpson’s Paradox is relevant
when analyzing data to test for race or gender
discrimination (Bickel,
Hammel, & O’Connell 1975).
Section 6
wraps up our findings and concludes.

2. Definition and Mathematical Characterization

(S) (¬S)

T S M

p(S ∣ T) = p(S ∣ ¬T)

p(S ∣ T, M) > p(S ∣ ¬T, M)

p(S ∣ T, ¬M) > p(S ∣ ¬T, ¬M)

tim
Highlight

tim
Highlight



This section shows how Simpson’s Paradox can be characterized
mathematically, under which conditions it
occurs, and how it can be
avoided. We begin by further considering the concrete example from the
introduction
in order to build intuitions that will guide us through
the more technical results.

The data in
Table 1
can be translated into success or recovery rates, showing that
treated men have a higher
recovery rate than untreated men (roughly
61% vs. 57%), and the same for women (44% vs. 40%). Two
observations
are key to understanding why this positive association vanishes in the
aggregate data. First, the
recovery rate of untreated men is still
higher than the recovery rate of women who receive treatment (57% vs.
44%), suggesting that not only treatment, but also gender is a
relevant predictor of recovery. Second, while the
treatment group is
majority female (27 vs. 13), the control group is majority male (7 vs.
5). Speaking informally,
the lack of population-level correlation
between treatment and recovery results from men being both (i) more
likely to recover from the treatment, and (ii) less likely to be in
the treatment group.

This becomes evident when we use conditional probabilities to
represent recovery rates given treatment and/or
subpopulation. The
overall recovery rates given treatment and control can, by the Law of
Total Probability, be
written as the weighted average of recovery
rates in the subpopulations:

Plugging in the numbers from
Table 1
to calculate the overall recovery rates via these equations, we see
that the
first line is a weighted average of success rates for treated
men and women (61% and 44%) while the second line
is a weighted
average of success rates of the two control groups (57% and 40%).
These averages are weighted by
the percentage of males and females in
each group, and in the present case the gender disparity between the
groups results in both averages being 50%. Since these weights can be
different, the treatment may raise the
probability of success among males and females
without doing so in the combined population.

Later we will show that the positive association in the subpopulations
cannot vanish if the correlation of
treatment with gender is broken
(e.g., by balancing gender rates in both conditions). The weights in
each line are
then identical— —and associations in subpopulations
are preserved for the aggregate
data
(Theorem 1 in Section 2.2).
In fact, the absence of such a correlation rules out Simpson’s
Paradox.

2.1 Varieties of Simpson’s Paradox

Simpson’s Paradox can occur for various types of data, but
classically, it is formulated with respect to 
contingency
tables. Let  be a four-dimensional
vector of real numbers representing the 
contingency table
for treatment and success in the i-th subpopulation, and let

be the aggregate data set over  subpopulations. These data should
be read as shown in
Table 2.

Population Subpopulation Subpopulation 
Success ( ) Failure ( ) Success ( ) Failure ( ) Success ( ) Failure ( )

Treatment ( )
No Treatment ( )

Table 2: Abstract representation of a
  contingency table with subpopulations  and
 .

Let  be a measure the strength of the probabilistic
association between  and  in population
 .[1]
By
convention,  corresponds to no association
between the variables,  indicates a positive
association, and  a negative one. This can best
be translated into the condition

p(S ∣ T) = p(S ∣ T, M)p(M ∣ T) + p(S ∣ T, ¬M)p(¬M ∣ T)

p(S ∣ ¬T) = p(S ∣ ¬T, M)p(M ∣ ¬T) + p(S ∣ ¬T, ¬M)p(¬M ∣ ¬T)

p(M ∣ T) = p(M ∣ ¬T)

2 × 2
Di = (ai, bi, ci, di) 2 × 2

D =
N

∑
i=1

Di = (∑ ai,∑ bi,∑ ci,∑ di)

N

D = D1 + D2 D1 D2

S ¬S S ¬S S ¬S

T a1 + a2 b1 + b2 a1 b1 a2 b2

¬T c1 + c2 d1 + d2 c1 d1 c2 d2

2 × 2 D1 D2

α(Di) T S Di

α(Di) = 0 α(Di) > 0
α(Di) < 0

https://plato.stanford.edu/entries/paradox-simpson/notes.html#note-1
tim
Highlight

tim
Highlight

tim
Highlight

tim
Highlight



The condition  is equivalent to saying
that the success rate in the first row (“treatment
condition”) is
higher than the success rate in the second row
(“control condition”):

Applying all this to our dataset in
Table 1,
we see that  although  and
 . This is a
special case of what Samuels (1993)
calls Association Reversal (AR). Association reversal
occurs if and only if
there is a population such that the association
in all partitioned subpopulations is either (i) positive (ii)
negative,
or (iii) zero, and the type of association in the population
does not match that of the subpopulations. Writing this
out
mathematically, this means for a dataset  that
one of the following two conditions holds,

where at least one of the inequalities has to be strict. Association
reversal is the standard variety of Simpson’s
Paradox
(Bandyopadhyay et al. 2011; Blyth 1972, 1973) and also the one that is
most frequently investigated in
the psychology of reasoning, or by
philosophers analyzing the paradox (e.g., Cartwright 1979; Eells 1991;
Malinas 2001).

An important special case of AR occurs when there is no association in
the subpopulations, but an association
emerges in the overall dataset:

Referring to the pioneering work of the statistician George U. Yule
(1903: 132–134), Mittal (1991) calls this
Yule’s
Association Paradox (YAP). It is typical of spurious
correlations between variables with a common
cause, that is, variables
that are dependent unconditionally ( ) but
independent given the values of the
common cause ( ). For example, sleeping in one’s clothes is correlated with
having a headache the
next morning. However, once we stratify the data
according to the levels of alcohol intake on the previous night,
the
association vanishes: given the same level of drunkenness, people who
undress before going to bed will have
the same headache, ceteris
paribus, as those who kept their clothes on.

Finally, the most general version of Simpson’s Paradox is the
Amalgamation Paradox (AMP) identified by
Good and
Mittal (1987). This paradox occurs when the overall degree of
association is bigger (or smaller) than
each degree of association in
the subpopulations, or mathematically,

AMP challenges the intuition that the degree of association in the
general population, in virtue of being “the
sum” of the
individual subpopulations, has to fall in between the minimal and the
maximal degree of association
observed on that level. The logical
strength of the paradoxes is inversely related to their generality and
frequency of occurrence: . Variations of the paradox for
non-categorical data (e.g.,
bivariate real-valued data) will be
discussed in
Section 5.1.

2.2 Necessary and Sufficient Conditions

We proceed to characterizing the mathematical conditions under which
Simpson’s Paradox occurs. We have
already suggested that the
paradox arises in the medical example due to correlations between the
treatment
variable and the partitioning variable, and we can now make
this more precise:

(1) α(Di)
⎧
⎨⎩

> 0 if and only if ai di > bi ci;
= 0 if and only if ai di = bi ci;
> 0 if and only if ai di < bi ci.

ai di > bi ci

ai/(ai + bi) > ci/(ci + di).

α(D) = 0 α(D1) > 0 α(D2) > 0

D = ∑N

i=1 Di

(AR1)

(AR2)

α(D) ≤ 0 and α(Di) ≥ 0 ∀ 1 ≤ i ≤ N

α(D) ≥ 0 and α(Di) ≤ 0 ∀ 1 ≤ i ≤ N

(YAP) α(Di) = 0 ∀1 ≤ i ≤ n but α(D) ≠ 0

α(D) ≠ 0
α(Di) = 0

(AMP) α(D) > max
1≤i≤N

α(Di) or α(D) < min
1≤i≤N

α(Di).

YAP ⇒ AR ⇒ AMP



Theorem 1 (Lindley & Novick 1981; Mittal
1991): If  and association reversal occurs
for the
subpopulations characterized by attribute  and
 , (i.e., ), then
either

1.  is positively related to  and ;
or
2.  is positively related to  and
 .

As Theorem 1 makes clear, the lack of correlation between 
and  is sufficient to rule out association reversals
(and
thus YAP as well). Does it also rule out the more general amalgamation
paradox? The answer to this
depends on which measure of
association one chooses for . Discussions of
Simpson’s Paradox commonly
treat association as the
difference in the success rate between the treated and the
untreated, but this is only one of
many possibilities (Fitelson 1999).
While the lack of association between  and  is sufficient to
rule out AMP
for most measures (including the difference measure) it
does not rule it out for all measures, as we will now
explain. Readers
not interested the specific details may skip to the following
section.

Here are some widely used association measures for a dataset :

Some of these measures can be formulated probabilistically and have
been suggested as measures of causal
strength and outcome measures for
clinical trials (Edwards 1963; Eells 1991; Fitelson & Hitchcock
2011;
Greenland 1987; Peirce 1884; Sprenger 2018; Sprenger &
Stegenga 2017). For example, 

 represents the difference and  the ratio of success
rates in
treatment and control conditions.  can be
interpreted as the prognostic weight of evidence that treatment
provides for success (i.e., as the log-Bayes factor),  is
Yule’s (1903) measure of association,  is the
log-
odds ratio familiar from epidemiological data analysis, and
  I.J. Good’s (1960) measure of causal strength.

We now consider the extent to which AMP for different measures is
ruled out by different experimental designs.
Suppose that individuals
are uniformly assigned to the treatment and control condition across
subpopulations. In
such a case, where the ratio of persons assigned to
the treatment and control condition is equal for each
subpopulation,
the experimental design is called row-uniform.
Specifically, there has to be a  such that for
any
subpopulation i

In particular, row uniformity holds approximately if our sample is
large and we sample at random from the
population.

Row-uniform design of a trial ensures independence between a potential
confounder  and the treatment
variable . Accordingly, by
Theorem 1,
it rules out association reversals. Additionally, row-uniform design
is
sufficient to rule out the AMP for a wide class of association
measures:

Theorem 2 (Good & Mittal 1987): If a
dataset  satisfies row uniformity, then the
Amalgamation
Paradox is avoided for the measures ,
 ,  and  and . It is
not avoided for the log-odds ratio .

Some studies also exhibit column-uniform design where
the proportion of successes and failures is constant
across all
subpopulations:

α(D) > 0
M ¬M α(D1),α(D2) ≤ 0

M S T
M ¬S ¬T

M T

α

M T

(a, b, c, d)

πD = − πY =

πR = log( ⋅ ) πW = log( ⋅ )

πO = log πC = log( ⋅ )

a

a + b

c

c + d

ad − bc

N 2

a

a + b

c + d

c

a

a + c

b + d

b

ad

bc

d

c + d

a + b

a

πD = p(S ∣ T) − p(S ∣ ¬T) πR = p(S ∣ T)/p(S ∣ ¬T)
πW

πY πO
πC

λ > 0

(Row Uniformity) ai + bi = λ(ci + di)

M
T

D = ∑Di

πD πR πY πW πC πO

(Column Uniformity) ai + ci = λ(bi + di)



Also then  is independent of . Column uniformity can
occur in case-control studies with various
subpopulations (e.g.,
different hospitals) where one does not match the number of persons
with the explanatory
attribute, like in an RCT. Instead, for each
person with a certain attribute (e.g., a specific form of cancer), one
selects a number of persons that does not have this attribute.
Column-uniform design avoids AR as well, but
among the presented
association measures, it suffices to rule out AMP only for
 .

Association Measure

Avoids AMP?
Row-uniform design yes yes no yes yes yes
Column-uniform design no no no yes no no
Both yes yes yes yes yes yes

Table 3: An overview of how row- and
column-uniform design avoid the amalgamation paradox for various
association measures.

Table 3
summarizes the properties of all association measures with respect to
the AMP and the different forms of
experimental design. The behavior
of the log-odds measure , where neither row- nor
column-uniform design
suffices to rule out the AMP, will be discussed
in
Section 5.2.

We now identify one last fundamental condition for when data exhibit
association reversal. Have a look at
Figure 1
which displays the success proportions for treatment and control
graphically.

Figure 1: A geometrical representation
of a necessary condition for the occurrence of Association Reversal.
The paradox can occur
if the proportions are ordered like in the left
graph; it cannot occur if they are ordered like in the right graph.
[An
extended
description of figure 1
is in the supplement.]

In both examples, the treatment success rate is for both
subpopulations greater than the control success rate.
When will this
order be preserved at the overall level? We know that the overall
success rate for each condition
(treatment/control) is
constrained by the success rates in the subpopulations:

Fact 1: Suppose  for all
 . Then also

This fact follows directly from the Law of Total Probability (proof
omitted) and it gives us a simple necessary
condition for the
occurrence of Association Reversal (AR): turning to
Figure 1
again, it implies that the overall
success rate per condition has to
be on the solid lines. Thus AR cannot occur in the right part
of
Figure 1,
but it
can occur if the proportions are ordered as in the left part
of
Figure 1.
Generally, AR is avoided when the
following condition holds:

M S

πY

πD πR πO πY πW πC

πO

ai, bi > 0 1 ≤ i ≤ N

(2) min ≤ ≤ max
ai

ai + bi

∑N

j=1 aj

∑N

j=1(aj + bj)

ai

ai + bi

https://plato.stanford.edu/entries/paradox-simpson/figdesc.html#figgeom


Any dataset that satisfies
(RH)
will be called row-homogenous. By contrast, for any
given set of proportions
violating condition
(RH),
we can find datasets exhibiting these very same proportions such that
AR indeed
occurs (by fiddling with the size of the subpopulations;
Lemma 3.1 in Mittal 1991). However, neither row
homogeneity, nor the
analogous condition of column homogeneity, nor their conjunction is
sufficient for
avoiding the amalgamation paradox AMP.

Finally, one might be interested in how frequently the paradox arises.
Simulations by Pavlides and Perlman
(2009) suggest that it should not
occur frequently: the confidence interval for the probability of AR is
a subset of
the interval  for both the uniform prior and
the (objective) Jeffreys prior. Of course, the practical value
of this
diagnosis depends on whether the sampling assumptions are sensible,
and whether the entire approach
makes sense for real-life datasets
where researchers can group the data into subpopulations along
numerous
dimensions.

3. Simpson’s Paradox and Causal Inference

Within the philosophical literature, Simpson’s Paradox received
sustained attention due to its implications for
accounts of causality
that posit systematic connections between causal relationships and
probability-raising.
Specifically, the paradox reveals that facts
about probability-raising will not necessarily be preserved when one
partitions a population into subpopulations. This poses a number of
important challenges to philosophical
accounts of causal inference
based on the concept of probability:

1. What is the appropriate set of background factors for determining
when a probabilistic relationship is
causal?

2. What do association reversals imply for causal inference?
3. Does Simpson’s Paradox threaten the objectivity of causal
relationships?

Strategies for treating the paradox and answering these questions have
contributed substantially to the
development of theories of
probabilistic causality (Cartwright 1979; Eells 1991). A different set
of answers is
provided by more recent work on the paradox in the
framework of graphical causal models (e.g., Pearl 1988,
2000 [2009];
Spirtes et al. 2000), and we will discuss both accounts in turn. In
particular, we will explain how
Simpson’s Paradox can be
analyzed through the notions of confounding and the identifiability of
a causal effect.

3.1 Probabilistic Causality and Simpson’s Paradox

Early accounts of probabilistic causation (e.g., Reichenbach 1956;
Suppes 1970) sought to explicate causal
claims purely in terms of
probabilistic and temporal facts. On Suppes’ (1970) account,
event  is a prima facie
cause of  if and
only if (i)  occurs before  and (ii) 
raises the probability of
 .[2]
As we have already seen
in
Section 2.1,
not all prima facie causes are genuine causes. If I drink a
strong blond Belgian beer now, I will
probably be happy during the
day, but also have a headache tomorrow. However, being happy would not
thereby
by the cause of the headache: the correlation is explained by
the common cause—the beer drinking. The variable
for drinking
the beer screens off the probabilistic relationship between
its effects, meaning that the effects will be
uncorrelated when one
conditions on it. The crux of Suppes’ account is that a
prima facie causal relationship
between  and
  is a genuine causal relationship iff there is no factor F
prior to C that screens off  from
 .[3]

(RH) max
1≤i≤N

< min
1≤i≤N

 or 

min
1≤i≤N

> max
1≤i≤N

ai

ai + bi

ci

ci + di

ai

ai + bi

ci

ci + di

[0; 0.03]

C

E C E C E

C E C E
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Later theorists such as Cartwright (1979) and Eells (1991) developed
this condition by making causal claims
relative to a causally
homogenous background context, which is specified by a set of
variables . Consider the
following example of association
reversal presented by Cartwright. Supposing that smoking 
is a cause of
heart disease , one might expect that smoking
would raise the probability of heart disease. Yet this might not
be
the case. Suppose that in a population there is a strong correlation
between smoking and exercising (X), and
that exercise lowers the
probability of heart disease by more than smoking raises its
probability. In such a case,
smoking might lower the probability of
heart disease although conditional on either  or ,
  raises ’s
probability.

Cartwright interprets this case as follows: causes always raise the
probability of their effects, but this can be
“concealed”
by the correlation between the cause and some other variable (here,
 ). In order to isolate the
genuine probabilistic relationship
between  and , one needs to consider it in a context
where such correlations
cannot occur:

Probabilistic Causality (Cartwright) Let
  denote all and only the causes of  other than
  and effects of 
. Then  causes
  if and only if relative to all combinations of values
variables in ,  raises the

probability of :
 .

While Suppes defends a reductive account of probabilistic
causality, where the elements of  are determined
without
appeal to causal assumptions, Cartwright presents a
non-reductive account where  must include all and
only the causes of , excluding  itself and any variables
that are causally intermediate between  and . The
current consensus is that it is impossible to give a probabilistic
account of causation without relying and causal
concepts, and thus
that no non-reductive account is feasible (though see Spohn 2012 for
a dissenting view).

Although non-reductive accounts could not be used to explain causation
to someone with no prior causal
knowledge, they can nevertheless
clarify how causal claims are tested, and illuminate the relationship
between
causation and probability (see also Woodward 2003:
20–22). Moreover, Cartwright argues that her general
criterion
for inclusion of background factors in  avoids the
reference class problem for purely statistical
accounts of causal explanation (i.e., by specifying the relevant
populations for evaluating causal claims), thereby
eliminating a
threat to the objectivity of causal explanation. More detail is
provided in the
entry on probabilistic
causality.

3.2 Specific Debates: Causal Interaction, Average Effects, Mediators

Cartwright’s innovations for probabilistic accounts of causality
have triggered various debates related to
Simpson’s Paradox. We
highlight three of them here:

Debate 1: Causal Interaction

Cartwright claims that causes raise the probabilities of their effects
across all background
contexts,[4]
but many
purported causes only raise the probabilities of their
effects in some contexts. In the latter cases, causes
interact
with background factors in producing their effects.
To give Cartwright’s own example (1979: 428), ingesting an
acid
poison generally causes death, except in contexts where one also
ingests an alkali poison (in which case the
two cancel one another
out). The problem of such interactive causes for probabilistic
accounts is that they
threaten Cartwright’s picture on which the
effect of probability-raising causes is “concealed” by a
stronger
negative cause which “dominates” them. These
metaphors suggest that the probability-raising relationship
between a
cause and its effect reflects an intrinsic relationship between the
variables that exists even when not
manifested, an idea further
developed in (Cartwright 1989). Interaction means that causes do not
operate in a
vacuum, but rather only in the presence of background
factors (for further discussion, see Otte 1985; Eells 1986;
Hardcastle
1991).

Simpson’s Paradox should not be conflated with causal
interaction, however. What is distinctive of the paradox
is not that
the probabilistic relationship reverses upon partitioning, but rather
that it reverses in all of the

K
(S)

(H)

X ¬X S H

X
C E

K E C
C C E K C

E p(C ∣ E, K) > p(C ∣ ¬E, K)

K
K

E C C E

K

https://plato.stanford.edu/entries/causation-probabilistic/
https://plato.stanford.edu/entries/paradox-simpson/notes.html#note-4


resulting subpopulations.

Debate 2: Average Effects

Cartwright requires  to include all causes of , and
thus to evaluate effects relative to homogenous
background contexts.
The account thus does not allow for average effects. For example,
suppose that a particular
treatment  raises the probability
of heart disease  in individuals who were born prematurely
  but not
individuals who were not, and that  is
not correlated with . In the whole population, the amount by
which 
lowers or raises the probability of  will be an
average of the effects in the  and  populations,
weighted by
their size. Dupré (1984) argues for abandoning the
requirement that  include all causes of , and thus for
allowing average effects.

A tempting lesson to draw from our opening example is that
Simpson’s Paradox arises as a result of averaging
over the
populations of males and females, and that the only way to eliminate
it is by ruling out average effects.
However, causal heterogeneity
does not by itself lead to the
paradox.[5]
Cases with heterogeneous background
factors only produce association
reversal if the factors are correlated with the causal
variable—as demonstrated
by
Theorem 1
in
Section 2.2.

Debate 3: Mediators

According to Cartwright, the set  should not include
variables that are causally intermediate between  and .
Such
variables are called mediators. To see why, imagine a
drug reduces the risk of heart disease by producing a
chemical,
represented by variable , in the blood stream, and via no other
factors. If  and  have no common
causes, they will be
probabilistically independent conditional on . Intuitively, one
should not hold the blood
chemical fixed in evaluating the effect,
since it is the means by which the effect is brought about.

When there are multiple paths between cause and
effect, the question becomes more complex. Hesslow (1976)
provides an example where taking birth control pills promotes a
blood-clotting condition called thrombosis via a
chemical in the
blood, but inhibits it via preventing pregnancy, which itself is a
cause of thrombosis. As a result,
taking birth control intuitively
influences thrombosis both positively and negatively. If one is
interested in the
net effect of  on —as opposed to the
effects via particular paths (Hitchcock 2001)—then one should
not
condition on mediators. However, conditioning is necessary for
calculating path-specific effects (e.g., Pearl
2001; Weinberger
2019).

Distinguishing mediators from common causes is crucial for analyses of
Simpson’s Paradox. For example, the
causal models  and  exhibit the same conditional
independencies:  and  will be
associated unconditionally,
but independent conditional on . Only causal knowledge enables us
to decide how
we shall deal with the association reversal, and whether
we need to condition upon  when estimating the causal
effect of
  on  (we do in the second model, but not in the first). See
also
Section 3.4.

3.3 DAGs and Causal Identifiability

In recent years, the formal analysis of causation has been
significantly enhanced by the development of
graphical methods for
representing causal hypotheses and for choosing among candidate
hypotheses given one’s
evidence, in particular those using directed
acyclic graphs (=DAGs: Pearl 1988, 2000 [2009]; Spirtes et
al.
2000). A DAG contains a set of nodes connected by a set of
directed edges or arrows such that there are no
cycles (one cannot get
from a node back to itself via a set of directed arrows). In the
causal context, the nodes in
a DAG are random variables and the arrows
correspond to direct causal relationships. It is common to assume
that
the set of variables in a DAG is causally sufficient, meaning
that it includes all common causes of variables
in the set.

DAGs enable one to systematically map the relationship between causal
hypotheses and joint probability
distributions. They overlap with and
build on techniques in the literature on probabilistic causality, but
provide
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significantly stronger tools and results. See the entries on
causal models,
causation and manipulability and
counterfactual theories of causation
for detailed introductions to causal inference with DAGs.

Figure 2: The relationship between the
variables Treatment, Gender, and Success
represented in a DAG,
without and with an intervention on
Treatment.

Figure 2
(left part) presents a plausible DAG for our running example,
including the variables Treatment,
Gender, and
Success. There are two ways in which Treatment
provides information about Success. One is that
people who
take the treatment may be more (or less) likely to recover as a result
of having taken it. The other is
that learning that someone took the
treatment provides information about whether they are likely to be
male or
female, and this information is relevant to determining
whether they will recover regardless of whether they took
the
treatment.

The graphs can, however, also be interpreted causally, and here, the
notion of an ideal intervention is crucial:

For an intervention on a variable  to be ideal
is for it to determine ’s value such that it no longer
depends
on its other causes in the DAG. Graphically, we can represent
an intervention by adding an additional cause I
that
“breaks” all of the arrows that would otherwise go into
 .

So, in Figure 2 Intervention is an ideal intervention on Treatment.
Intervening on Treatment disrupts the
evidential relationship
with Gender—for example, by controlling for the
proportion of male and female patients
in each sample—so that
any remaining probabilistic relationship between treatment and
recovery can only be
explained by having taken the treatment. Such an
experimental design, where Treatment and Gender are
made
probabilistically independent, suffices to rule out association
reversal (cf.
Section 2.2).

Using the notion of an ideal intervention, one can explicate causation
as follows (Pearl 2000 [2009]; Woodward
2003).  causes  if
and only if it is possible to change the value or probability of 
via some ideal intervention
on . Such interventions distinguish
between causal and merely probabilistic dependencies by eliminating
any
probabilistic relationship between  or  that can be
traced to the influence of a common cause. This does not
mean,
however, that one can only get causal knowledge in cases where one can
experimentally intervene. One of
the key contributions of graphical
causal models is that they enable one to systematically determine when
one’s
prior causal knowledge licenses one to interpret a
particular probabilistic relationship causally.

The difference between the probability distributions resulting from
conditioning and from intervening is
formally represented by
supplementing the probability calculus with the
do-operator ( ) where
applying
the operator to a variable formally represents intervening
upon it. Taking , , and  to denote
Treatment,
Success, and Gender, and given
the graph in
Figure 2,
the observational probability distribution of  given  is
not equal to
the probability distribution of  given an intervention on :

The difference between these two quantities is due to the impact of
  on the distribution of . In contrast, the
following two
expressions are equivalent given the DAG:

Here one can infer the effect of  on  from the observational
distribution by conditioning on . In such a case,
we say that
(4) identifies the causal effect of  on . More
generally, identifiability is a relationship between
a
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DAG G, probability distribution  and a causal quantity
 , such that  is identifiable if and only if it is
uniquely determined by  given . By contrast, when there are
unmeasured common cause(s) of  and , the
probability
distribution is compatible with any possible distribution for
 .

3.4 Confounding and Pearl’s Analysis of the Paradox

The concept of identifiability is crucial for understanding
confounding, and the analysis of Simpson’s Paradox
through
graphical causal models. The relationship between  and  is
confounded relative to variable set 
just in
case  (i.e., the
relationship is not identified). A confounding set of
variables is one that biases the effect measurement.
For instance, an unmeasured common cause is a confounder
because it
makes it impossible to differentiate the probabilistic dependence
between the variables resulting from
the common cause from that
resulting from a causal relationship between them. Simpson’s
Paradox emerges on
this account due to confounding by the third
variable. This notion of confounding can diverge from a common
colloquial understanding of confounders as alternative explanations of
an observed outcome other than the
treatment.

A useful sufficient condition for identifiability is the
back-door criterion (Pearl 1993, 2000 [2009: 79]).
First
we need to introduce some graphical terminology. A path
between  and  be a set of connected edges between

 and
  going in any direction.  is a descendant of 
if there is a path from  to  in which all the arrows go
in
the same direction. When  and  are connected via a single
path including a common cause such as 

,  and  will
typically[6]
be unconditionally probabilistically dependent, but will be
independent
conditional on . For such a path, we say that 
blocks the path between  and . In contrast, when
  and 
are connected by a path including a common
effect, such as , then the
path will be blocked
provided that one does not condition on
  or a descendant of . This reflects the fact that
independent causes of
a common effect will typically be dependent
conditional on a common effect. An effect of  on  is
identifiable
if there are no unblocked “back-door paths”
between  and : all paths that pass through common causes are
blocked, and all other paths excepting those by which the cause
influences its effect are open.

Back-door Criterion (Pearl 1993) Given a
variable pair  in a DAG G, the effect of  on  is
identifiable if there exists a variable set  in G
satisfying the following conditions:

1. No node in  is a descendant of , and
2.  blocks every path between  and  containing an
arrow into .

In this case, the effect of  on  is identified by the
formula

Equation (5)
reveals that can be possible to derive a causal effect in a
population by averaging over the effects in
subpopulations partitioned
by . This is what we already saw in
Section 2.2:
if there is no dependence between
being treated and being a part of a
subpopulation, associations cannot reverse at the general population
level. Yet
such a derivation is only licensed by causal assumptions
about the relationships between the variables. The
reader can verify
that given the DAG in
Figure 2,
the variables satisfy the back-door criterion (with

).[7]

In our original example, the treatment increased the probability of
recovery in each subpopulation, but not it in
the population as a
whole. Should one approve the drug or not? The causal approach makes
it easy to see why
one should. The probabilistic relationship between
Treatment and Success in the population is an
evidential
rather than a causal one. Learning that someone took the
drug provides evidence about their gender, and this
information is
relevant to predicting whether they will recover. But this does not
tell one about whether the drug
is causally efficacious. To learn
this, one needs to know how the chances of recovery for individuals in
the
population would change given an intervention on
treatment. This can be determined by conditioning on gender
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which enables one both to learn the gender-specific effects of the
drug, and to derive the average effect in the
whole population (using
the back-door criterion).

Figure 3: The DAG for the variables
Treatment, Gender and Success (third
variable = confounding factor),
contrasted with the DAG for the
variables Birth Control, Pregnancy, and
Thrombosis (third variable = mediator).

Thus, whether one should partition the population based on a factor in
order to identify a particular causal
relationship does not depend
only on the statistical distribution, but crucially on one’s
causal background
assumptions. Suppose that one was considering an
intermediate variable such as Pregnancy in Hesslow’s
(1976)
example. Recall that in the example birth control influences
thrombosis both positively via a blood chemical and
negatively by
reducing one’s chance of getting pregnant. This case is shown in
Figure 3
and contrasted with our
running example where the third variable is a
confounding factor. In order to identify the effect of birth control
on thrombosis, it is crucial that one does not condition on
pregnancy. If there are no unmeasured common causes
of birth control
and thrombosis, then a probability-raising relationship between birth
control and thrombosis in
the population as a whole would reliably
indicate that taking birth control pills promotes thrombosis.

It is worth emphasizing that there is no basis for distinguishing the
two causal structures in
Figure 3
using
statistics alone. Any data generated by the model on the left
could also have been generated by a model with the
causal structure of
that on the right. Accordingly the judgment that one should partition
the population in one
case but not the other cannot be based on the
probabilities alone, but requires the additional information supplied
by the causal model.

Coherent with
Theorem 1,
Pearl proves a causal version of Savage’s (1954) sure-thing
principle (see also
Section 5.3):

Causal sure-thing principle (Pearl 2016) An
action  that increases the probability of an event 
in each
subpopulation must also increase the probability of 
in the population as a whole, provided that the action
does not change
the distribution of the
subpopulations.[8]

For example, if one assumes that Gender is not an effect of
Treatment, it cannot be the case that the drug raises
the
probability of recovery in both males and females, but has no effect
on recovery in the general population.
This result provides an error
theory for why people often find Simpson’s Paradox to be
paradoxical in the first
place. Specifically, Pearl (2000 [2009],
2014) claims that people conflate observational claims that 
raises the
probability of  with causal claims that
doing  (versus ) would raise the
probability of . And assuming
that the partitioning variable
is not an effect of , it is impossible for doing
  to raise the probability of  in all
subpopulations,
but not in the population as a whole. So Pearl’s explanation of
the paradox is that people
conflate causal and non-causal expressions,
and if the conditional probabilities in the examples are interpreted
causally, Simpson’s reversals are impossible.

3.5 Implications

Whether Pearl provides the correct causal explanation of
Simpson’s Paradox remains a topic of continued debate
(Armistead
2014 see also
Section 4).
What should not, however, be controversial is that recent causal
modeling
techniques enable one to systematically distinguish between
causal and probabilistic claims in a much more
general and precise way
than had previously been possible. While Cartwright required that all
causes of  be
included in the background context, for the sake of
eliminating confounding it is only necessary to hold fixed
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common causes (and other variables needed to block back-door
paths). Theorists of probabilistic causality were
to some extent aware
that one did not need to hold fixed all causes of the effect in order
to eliminate
confounding, but they lacked a general account of which
variable sets are sufficient for identifying the effect.
Simpson’s Paradox was especially threatening, since there was no
way to provide general conditions under
which an apparent positive
causal relationship in a population would disappear entirely upon
partitioning. Using
Pearl’s framework, it is trivial to show
that as long as one does not condition on mediators, if a
probabilistic
expression identifies an average positive effect between
  and  in a population, intervening on  must raise

’s effect in at least some subpopulations
(Weinberger 2015).

Turning back to the debate about average effects in the probabilistic
framework, this fact vindicates Dupré’s
(1984) liberal
attitude toward average effects against critics such as Eells and
Sober (1983: 54) who dismiss it as
a “sorry excuse for a causal
concept” (though see Hitchcock 2003: 13–15, and Hausman
2010: 56, for further
nuances). Of course, a positive average effect
is compatible with the cause lowering the probability of the effect
significantly in many subpopulations. This reflects the fact that the
partitioning variable(s) could interact with
the cause of interest.
But such possible interactions do not make the effect any less genuine
as an average effect
for the whole population.

This brings us to the issue of whether Simpson’s Paradox
threatens the objectivity of causal relationships.
Properly
understood, it does not. It is certainly true that a cause can raise
the probability of its effect in one
population and lower it in
another, or that it can have a positive effect in a whole population,
but not in some of
its subpopulations. But it is not as if only some
of these causal relationships are genuine and that philosophers
must
therefore find a privileged background context within which the true
relationship is revealed. It is simply a
fact about causation that
different populations can have different sets of interactive
background factors, and thus
the average effects will genuinely differ
across the populations.

4. What Makes Simpson’s Paradox Paradoxical?

Simpson’s Paradox is not a paradox in the sense of presenting an
inconsistent set of plausible propositions of
which at least one must
be rejected. As shown in
Section 2.2,
mathematics does not rule out associations to be
reversed at the
level of subpopulations. Bandyopadhyay et al. (2011) helpfully
distinguish between three
questions one could ask about
Simpson’s Paradox:

i. Why or in what sense is Simpson’s Paradox a paradox?
ii. What is the proper analysis of the paradox?
iii. How one should proceed when confronted with a typical case of the
paradox?

Question (i) is essentially a question about the psychology of
reasoning: one must offer an account of why the
(mathematically
innocent) association reversals seem paradoxical to many. Such
accounts help to identify valid
forms of inference that leads
individuals to mistakenly rule out association reversals, and thereby
provide
answers to question (ii). Such analyses can differentiate
among subtly different forms of reasoning, and open the
door to
empirical work testing whether humans systematically fail to attend to
particular differences.

Section 3.4
already presented one analysis of the paradox. On Pearl’s
causal analysis, the appearance of a
paradox results
from a conflation between causal and probabilistic reasoning.
If one interprets the claim that
taking the drug raises the
probability of recovery as the causal statement that intervening to
give the drug will
make patients more likely to recover, and plausibly
assumes that taking the drug has no influence on gender,
then the drug
cannot lower the probability of recovery both among males and among
females. But, of course, if
one is considering ordinary conditional
probabilities without any do-operators, such reversals can occur.
Accordingly, the appearance of paradox results from conflating
ordinary conditional probabilities with
conditional probabilities
representing the results of interventions.

Pearl’s answer to (ii) has immediate implications for (iii). In
evaluating the relationships between two variables 
 and  and
determining whether one should partition based on some variable (or
variable set) , one should

partition based on  only if doing
so will enable one to identify the causal relationship between
  and . This

X Y X Y

X Y Z
Z X Y



answer presupposes that the aim of
partitioning the population is to identify causal relationships.
Questions
about how to proceed in light of the paradox only make sense
given a context and given the kind of inference
one wishes to
draw.

Pearl (2014) presents several reasons supporting his analysis of the
paradox. First, he argues that were the
surprise resulting from the
paradox to be the result of a mere mathematical error, this could
neither account for
why the paradox “has captured the
fascination of statisticians, mathematicians, and philosophers for
over a
century” (2014: 9) nor for the difficulty that reasoners
have in avoiding the error even once they’ve been made
aware of
it. Only by means of a causal semantics can one demonstrate that
Simpson’s reversals cannot occur
when the conditional
probabilities are interpreted causally. Second, he points to
Simpson’s (1951) observation
that judgments about whether the
aggregated or non-aggregated population is relevant for evaluating the
correlations depends on the story behind the what the
frequencies represent. Pearl accounts for this story-
relativity by
showing that whether one should partition a population is decided not
by the probabilities but rather
by the causal model generating the
probabilities. These causal models
cannot be distinguished by conditional
probabilities alone.

Bandyopadhyay et al. (2011) reject Pearl’s causal analysis of
the paradox, and defend an alternative
mathematical
explanation. They note that there can be instances of the
paradox that do not seem to invoke any
causal notions. For example,
suppose we take the proportions in Table 1 not to refer to the
proportions of
recovering/non-recovering patients among the
treatment/non-treatment groups in male and female populations,
but
rather to the proportions of red and blue marbles among big or small
marbles in two bags. Suppose that in
either bag the big marbles have a
higher red-to-blue ratio than the small marbles. Bandyopadhyay et
al. plausibly
claim that in this case, it would be surprising to
discover that, were we to pour the bags into a single box, the
small
marbles have a higher red-to-blue ratio than the big ones. If there
are cases of the paradox that still exhibit
surprise despite having
nothing to do with causality, then the general explanation of the
paradox cannot be
causal.[9]

Bandyopadhyay et al. rephrase the paradox as being about ratios and
proportions: when it is the case that

—to be read as success proportions for treatment and control in
the subpopulations, compare
Table 2—many
people expect that these equalities are preserved in the overall
population:

As we know from
Section 2,
this need not be the case. Bandyopadhyay et al. conducted a survey
with university
students on this matter: only 12% give the correct
answer that equations
(6),
by themselves, do not constrain the
truth value of equation
(7).

Given the widespread literature revealing how seemingly error-prone
humans can be when reasoning about
probabilities (e.g., Kahneman,
Slovic, & Tversky 1982), the proposal that Simpson’s Paradox
can be explained
by appeal to an error in probabilistic reasoning is
plausible. Yet Bandyopadhyay et al. do not specify what this
error is.
Or, more specifically, they do not propose a valid form of reasoning
that reasoners are mistakenly
appealing to when falling prey to the
paradox. The fact that people expect that the ratios in subpopulations
to be
preserved in the combined population just shows that people are
tricked by the paradox. It does not illuminate
the underlying mistake
that they are making when they are tricked. In this sense,
Bandyopadhyay et al. do not
answer their second question. They also,
by their own admission, do not provide a general answer to (iii). They
view this as a virtue of their account, since they believe that
discussions of (iii) ought to be divorced from
discussions of (i) and
(ii).

(6) > and >
a1 + b1

b1

c1 + d1

d1

a2 + b2

b2

c2 + d2

d2

(7) >
a1 + a2 + b1 + b2

b1 + b2

c1 + c2 + d1 + d2

d1 + d2
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Recently, Fitelson (2017) has proposed a
confirmation-theoretic explanation of Simpson’s
Paradox. His
analysis relies on identifying confirmation with
increasing the (subjective) probability of a proposition.
Statements
of the form “evidence  confirms hypothesis
 ” are, however, usually evaluated with respect to
background knowledge K, and this can lead to ambiguities. In
particular, Fitelson distinguishes between the
suppositional
and conjunctive readings of a confirmation statement. In our
running example, these statements
would be as follows:

Suppositional (  raises the probability of
  given ): If one is female, then
receiving treatment increases
one’s chance of recovery.

Conjunctive (  raises the probability
of ): Being a female treatment-receiver
increases one’s chance
of recovery.

While the suppositional and conjunctive reading coincide for some
accounts of confirmation (e.g., Carnap’s
account of degree of
confirmation as conditional probability), they can produce different
outcomes for
confirmation as probability-raising. For our
data in
Table 1,
the suppositional reading is true: if one is in the
female
subpopulation, receiving treatment rather than being in the control
group increases one’s chances of
recovery. On the conjunctive
reading, however, the statement is false: female treatment-receivers
are less-likely
to recover (12/27) compared to the set of individuals
who are either male or did not receive the treatment
(16/25). More
importantly, while the suppositional reading allows for association
reversals, on the conjunctive
reading it cannot be the case both that
being a female treatment-receiver and being a male treatment-receiver
raises the probability of recovery, but being a treatment receiver
simpliciter does not (Fitelson 2017: 300–302).

Fitelson’s confirmation-theoretic explanation of Simpson’s
Paradox is that reasoners are not attentive to the
difference between
the suppositional and conjunctive readings of confirmation statements
when considering the
evidential relevance of learning an
individual’s gender. In the conjunctive reading there cannot be
association
reversals, and because the suppositional and conjunctive
reading do not differ for many accounts of
confirmation, people
mistakenly assume that there cannot be such reversals, even when they
are relying on the
suppositional reading.

Both Bandyopadhyay et al. and Fitelson claim that because the
formulation of Simpson’s paradox does not itself
appeal to
causal considerations, it is a preferable to find a non-causal
explanation for the paradox. Ultimately, it
is an empirical question
whether the paradox can be accounted for exclusively by errors in
probabilistic
reasoning, or, as Pearl suggests, due to a conflation of
causal and probabilistic reasoning. One conceptual barrier
to
disentangling these hypotheses is that there are systematic
relationships between causal and probabilistic
claims For example,
when the third variable  is uncorrelated with treatment 
(i.e., ), there
can be no reversals
(see also the theorems in
Section 2.2).
Does it follow that Simpson’s Paradox has a purely
probabilistic explanation? Not necessarily. An alternative hypothesis
is that the epistemic agent does not have
knowledge of the relevant
conditional probabilities, but does know that  is not a cause of
  

), preempting the
occurrence of association reversals. The question of whether the
source
of the paradox is causal cannot be resolved purely by appeal to
the mathematical conditions under which the it
arises. Rather, it
depends on substantive psychological hypotheses about the role of
causal and probabilistic
assumptions in human
reasoning.[10]

The empirical evidence on the paradox shows that reasoners find
trivariate reasoning (i.e., with a causally
relevant third variable)
generally hard and fail to take its role properly into account, even
if salient cues to its
relevance are provided (Fiedler, Walther,
Freytag, & Nickel 2003). Other studies point to the facilitative
effect of
causal model, statistical training and high motivation
(Schaller 1992; Waldmann & Hagmayer 1995), but the
significant
difficulties that reasoners encounter in Simpson-like tasks make it
unlikely that the question of the
right analysis of the paradox will
soon be decided empirically.

5. Applications
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(p(T ∣ do(M)) = p(T)
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5.1 Non-Categorical Data and Linear Regression

Grade Point


Average (GPA)

Distribution of Grades Verbal SAT scores
1992 2002 1992 2002

A+ 5% 7% 619 607
A 12% 17% 575 565

A− 14% 17% 546 538
B 52% 47% 486 479
C 17% 11% 434 424

All grades 100% 100% 501 516

Table 4: Verbal SAT score data for
American high schools, taken from Rinott & Tam (2003).

Simpson’s Paradox is not limited to categorical data: it can
occur for cardinal data as well and show up in
standard models for
quantitative analysis. A famous example is the analysis of SAT
scores—the results of
college admission tests—in the
United States as a function of the high school grade point average
(GPA) of
students. The data are given in
Table 4:
the overall SAT average rises from 1992 to 2002, but for each GPA
group (A+/A/…), SAT averages are falling. This phenomenon is,
however, very natural. As soon as there is a bit
of grade inflation at
high schools, each group loses their best students to the next higher
group, lowering the SAT
average per group. But this is of course
consistent with the overall SAT average remaining equal, or even
rising
from 501 to 516, like in our dataset. A conclusion from the
stratified data that “students are getting more stupid”
would be mistaken. Since societal developments such as grade inflation
affect both the grade distribution and the
SAT scores, one should
not condition on the GPA of a student when studying SAT
scores over time (compare the
back-door criterion from
Section 3.4).[11]

Figure 4: A linear regression model that
illustrates Simpson’s Paradox for bivariate cardinal data. Each
cluster
of values corresponds to a single person (repeated
measurement).

https://plato.stanford.edu/entries/paradox-simpson/notes.html#note-11
tim
Highlight



A similar example is presented in
Figure 4,
adapted from Kievit, Frankenhuis, Waldorp, and Borsboom (2013).
The
figure shows the results of coffee intake on performance at an IQ test. Suppose
that coffee actually
decreases performance slightly because it
makes drinkers more nervous and less focused. At the same time,
coffee
intake co-varies with education level (construction workers are too
busy for drinking coffee all the time!)
and education level co-varies
with test performance. When we measure performance repeatedly for
different
individuals, we see that their performance is slightly
negatively affected by their coffee intake. However, the
(unconditional) regression model of performance as a function of
coffee intake suggests misleadingly
that coffee
consumption strongly improves performance! The reason
for the confounding is the causal impact of the hidden
covariate,
education level, on both coffee consumption and performance. Similar
to the results from
section 2,
Simpson’s Paradox in linear models can be characterized
formally by means of inequalities among regression
coefficients (e.g.,
Pearl 2013), and its occurrence depends on the nature of the causal
interaction between the
involved variables.

5.2 Epidemiology and Meta-Analysis

Simpson’s Paradox in its various forms has attracted a lot of
attention in the epidemiological literature since it is
relevant for
determining and estimating the effect size of medical treatments, and
the effect of exposure to risk
factors (e.g., smoking, alcohol) on
medical hazards.

One of the aims behind the methodology of randomized controlled trials
(RCTs) is to eliminate the effect of
potential confounders on whether
a person is treated or not. This was described in
Section 2.2
as row-uniform
design (for experiments with categorical data). For
example, if we ensure the same proportion of both genders in
the
treatment and control group, the same prevalence of different age
groups, etc., we know that association
reversal (AR) cannot occur with
respect to those third variables, and also the amalgamation paradox
(AMP) is
ruled out for many measures.

However, the (log-)odds ratio, a popular measure of effect size in
epidemiological research, shows a deviant
behavior. Uniformly
assigning individuals to treatment and control condition reliably
produces the AMP for the
odds ratio whenever the third
variable (=the subpopulation attribute) influences the success rate,
given the
treatment level (Theorem 2.4, Samuels 1993). The odds ratio
is thus a particularly tricky association measure.
Greenland (1987)
gives the instructive example of an odds ratio that is equal in all
subpopulations with row-
uniform design, but halved when data are
pooled.

Meta-analytic problems, such as pooling various
studies for determining the overall effect size of an
intervention or
risk factor give a particularly interesting twist to Simpson’s
Paradox. How should such studies be
aggregated? Naïvely, somebody
may suggest to pool the data from all studies and to treat them as a
single big
study. This may work out if the study populations are very
similar and the data are from RCTs, where the
treatment/control ratio
is typically 50:50. If this is indeed the case, then the overall
dataset is row-uniform and
AR (and for most measures, AMP) is avoided,
as shown in
Section 2.2.
But for non-experimental data, there is
no reason to assume that
treatment/control proportions are equal across studies. Thus, the
direction of the
direction of the effect can be reversed when pooling
(for examples, see Hanley & Thériault 2000; Reintjes, Boer,
Pelt, & Mintjes-de Groot 2000; Rücker & Schumacher
2008).

Another reason for not pooling the data is that study populations are
often heterogenous and that calculating the
strength of association
(i.e., the effect size) on the basis of the data may bias the estimate
in the direction of the
study with the largest sample size, while the
characteristics of patients in that study need not be representative
of
the target group as a whole. In particular, while at the level of
studies patients are usually assigned randomly to
the treatment or
control group, this cannot be said about the aggregate data (Cates
2002). Proper meta-analysis
therefore proceeds on the basis of
weighting the effects rather than pooling the data, either by a fixed
effects
model or (e.g., if the study populations are heterogenous) by
introducing a random effect of the study in the
statistical model. The
question of how to conduct a meta-analysis of epidemiological studies
is also entangled
with the choice of an association or effect size
measure (Altman & Deeks 2002; Cates 2002; Greenland 1987), a
question discussed in
Section 2.2.



5.3 Decision Theory and the Sure-Thing Principle

Blyth (1972) argued that Simpson’s Paradox also constitutes a
counterexample to the sure-thing principle of
decision theory, or at
least restricts its scope substantially. That principle is supposed to
guide rational decisions
under uncertainty, and has been stated by
Savage as follows:

Sure-Thing Principle (STP) “If you
would definitely prefer  to  either knowing that the event
  obtained,
or knowing that the event B did not obtain, then
you definitely prefer  to ”. (Savage 1954:
21–22)

In his purported counterexample, Blyth treats  and
  as indicating the two subpopulations (e.g., two
different
hospitals). Suppose that treatment  is positively
associated with recovery  for each subpopulation. In that
case, assuming equal odds, we would rather bet on the recovery of a
patient in the treatment group (action )
than on the recovery on
the patient in a control group (action )—regardless of
whether that person is in group 
or group .
Thus, since we prefer  to  in either subpopulation, and
since all patients are either in group  or
in group
 , we can infer, by the Sure-Thing Principle, that 
is preferable to  also when we don’t know
whether a patient
is in group  or group . But this inference is
mistaken if association reversal occurs: it is
perfectly compatible
with the above scenario that the overall frequency of recovery is
higher for non-treated than
for treated patients! Blyth (1972: 366)
concludes that

the Sure-Thing Principle […] seems not applicable to situations
in which any action taken within 
or  […] is allowed
to be based sequentially on events dependent with [ ].

See also Malinas (2001) for discussion.

To the extent that (conditional) degrees of belief just represent
(conditional) dispositions to bet, Blyth’s
reasoning is
compelling. Association reversal means that

although

and

and thus preference for a conditional bet on  (given the
various levels of ) does not imply preference for the
unconditional bet on  (see
Section 2).
However, Savage certainly did not intend the sure-thing principle to
be a
theorem of probability. To evaluate it as a principle that guides
proper decision-making, we must consider cases
where the predictor
variable (here: treatment/control) stands for a proper act
that affects the outcome via
multiple paths.

Jeffrey (1982) recalls Savage’s (1954: 21) example of a
businessman who believes that it is advantageous to buy
a property
regardless of whether the Democratic or the Republican candidate will
win the upcoming mayor
elections. Jeffrey’s twist is that the
businessman’s utility depends not only on the property deal, but
also on the
election outcome. Specifically, buying the property raises
the chances that the Democratic candidate, whom he
dislikes, will win.
In that case he would certainly buy the property after the
election, regardless of the outcome,
but he may refrain from buying it
before the election.

In response to this challenge, Jeffrey (1982: 720) restricts the
sure-thing principle to the case where

choice of one act or another is thought to have no tendency to
facilitate or impede the coming about
of any of the possible states of
nature, and […] this is reflected in a probabilistic
independence of
states from acts.
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That is, buying the property should not change our rational degree of
belief in who wins the election. Pearl
(2016) considers this response
an “overkill” and notes that probabilistic associations
are not a good means of
expressing causal tendencies. Therefore he
proposes a causal sure-thing principle that we have encountered in
Section 3.4:
If one is considering two acts  and , and the
probability distribution of  does not change
depending on
whether one intervenes to choose  or , then if one
prefers  to  whether or not  occurs, one
prefers 
unconditionally. The italicized condition ensures that the
partitioning variable is not an effect of the
intervention, and thus
rules out Simpson’s reversals (see
section 3.4).
Note that Pearl’s formulation, but not
Jeffrey’s, allows
to apply the (causal) sure-thing principle to observational data,
where states and acts may be
statistically dependent without
indicating genuine causation (e.g., because of self-selection
effects).

Throughout this entry we have assumed knowledge of the causal facts
pertinent to a situation. Scenarios in
which an agent lacks such
knowledge raise additional complications for decision theory. An agent
typically
cannot ensure that all confounders have been accounted for,
and thus the possibility of repeated reversals raises
questions about
when one should adopt a promising policy that has not been
experimentally tested (Peters,
Janzing, & Schölkopf 2017:
174–175). A distinct concern is that an agent may not be sure
whether her action
counts as an intervention (e.g., in Newcomb
scenarios), since it might not be clear whether she can manipulate a
variable to render it independent of its prior causes (Stern 2019).
Whether Simpson’s Paradox raises novel
difficulties in such
decision-making contexts has not yet been explored. See the entries on
decision theory
and
causal decision theory
for further discussion.

5.4 Philosophy of Biology and Natural Selection

Within the philosophy of biology, the units of
selection debate (Sober 2000 [2018: ch. 4], 2014; Williams
1966)
concerns whether natural selection operates only at the level of
the individual or also on groups (where the
individual is typically
conceived either as the organism or the gene). This debate is
especially important for
understanding the evolution of altruism
(Sober & Wilson 1999). Since altruistic individuals harm their own
chances of survival and reproduction, they are less fit, and it is
thus unclear how altruism could evolve as a
result of natural
selection. If, however, groups with more altruists are fitter than
groups with fewer, and selection
can act on groups, this could
potentially explain how altruism could still evolve. Within the units
of selection
debate, Simpson reversals have played an
important role in explaining the possibility of group-level
selection.

Consider the following naive argument against the conceptual
possibility of group-level
selection.[12]
Suppose
that we define the fitness of a group as the average fitness
of its individuals. In this context, altruistic individuals
are, by
definition, those with traits that reduce their individual fitness
while improving the fitness of other group
members. For instance,
crows that issue warning cries when a predator approaches benefit the
group while
increasing the chances of being harmed themselves. Natural
selection explains the evolution of traits on the basis
that
individuals with the trait are fitter than those without it (all else
being equal). Since selfish individuals are
by definition fitter than
altruistic ones, it follows that groups with more altruistic
individuals cannot be fitter. Or
so one might argue.

By now it should be clear what is wrong with this type of
argument—it does not follow from the fact that
altruistic
individuals are less fit than selfish ones in every population that
populations which average over selfish
and altruistic individuals
cannot be fitter than populations with just selfish individuals. It
could be that being an
altruist is correlated with being in a
population with more altruists, and that populations with more
altruists are
fitter. This dispenses with the naive argument. Note,
however, that within every single group selfish individuals
are
fitter, so if the groups change membership only through reproduction
(as opposed to migration and mutation)
then over enough generations
every group will end up consisting only of selfish individuals. So
whether groups
selection can occur depends on additional facts about
population structure and dynamics. Hamilton’s (1964) Kin
Selection theory explains how altruism can evolve in cases where
altruists are more likely to associate with other
altruists (possibly
because it runs in the family).

The group selection hypothesis remains controversial among biologists.
The present discussion reveals how the
phenomenon of Simpson’s
Paradox is relevant to theorizing how it might be possible, and more
broadly reveals
how philosophical work on causation and probability
can aid in clarifying scientific debates.
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Recently, Simpson’s Paradox has been invoked in an ongoing
debate regarding whether natural selection should
be understood as
causal or statistical. Walsh (2010), a prominent defender of the
statistical view, points to cases
of Simpson’s Paradox as
showing that selection cannot be understood causally, and Otsuka,
Turner, Allen, &
Lloyd (2011) rebut this claim. An important point
that emerges from this debate is that the term
“population” is
used differently in discussions of
Simpson’s Paradox than it is in biology (cf. Weinberger 2018).
Walsh presents
an example in which a correlation in a population
disappears when one splits the population into two parts. As
Otsuka et
al. point out, within population genetics, population size can be
causally relevant to the fitness of its
individuals. Note that
Walsh’s example of dividing a population in half is not what we
have been talking about in
the context of Simpson’s Paradox. In
the prior discussion, dividing the population was not a matter of
changing
its size, but rather of partitioning its probability
distribution based on a variable.

5.5 Policy Questions: Interpreting Data on Discrimination

Bickel et al. (1975) present a classic example of Simpson’s
Paradox involving a study of gender discrimination
at Berkeley. The
data revealed that men were more likely than women to be accepted to
the university’s graduate
programs, but the authors were unable
to detect a bias towards men in any individual department. The authors
use the paradox to explain why the higher university-wide acceptance
rate for men does not show that any
department discriminated against
women. Specifically, women were more likely to apply to departments
with
lower acceptance rates. This leads to a probabilistic association
between gender and the partitioning variable
(department), which we
have seen can lead to Simpson’s reversals.

While the probabilistic structure of the Berkeley case is similar to
other instances of the paradox, it raises an
additional question. On a
natural way to understand the case, the applicant’s gender is a
cause of his or her
applying to a more or less selective departments.
Exactly what it means for demographic variables such as
gender or race
to be a cause is a longer story for another day (Glymour & Glymour
2014; Sen & Wasow 2016).
But assuming that gender is a cause here,
then the department variable is a mediator, and one should
not
condition on mediators in evaluating the mediated causal
relationship. So what is the justification for
conditioning on
department?

The answer is that in evaluating discrimination, what often matters
are path-specific effects, rather than the net
effect
along all paths (Pearl 2000 [2009: 4.5.3]; Zhang & Bareinboim
2018). To give a different example (Pearl
2001), consider whether a
hypothetical black job candidate was discriminated against based on
her race. It is
possible that as a result of prior racial
discrimination, the candidate was denied opportunities to develop
job-
relevant qualifications, and as a result of lacking these
qualifications was denied the job. This indirect effect of
race hiring
would not be relevant for determining whether an employer
discriminated against the candidate.
Rather, what matters is whether
the employee would have been more likely to get the position had she
been
white, but had the same qualifications that she does as a result
of being black. This is called the natural direct
effect (Pearl 2001; Weinberger 2019). In determining whether
the employer discriminated, what matters is not
whether being black
made any difference in the person’s being hired, but
rather whether their being black had a
direct influence not via their
job-relevant qualifications.

5.6 Using Statistics to Evaluate Task Performance

The common explanation for the Berkeley data, on which the paradox
results from women applying to more
selective department, points to a
larger class of cases in which it is important to account for
differences in the
difficulty-level across tasks. In baseball, for
instance, it appears that over time batters have been striking out
more frequently, despite their improving in their ability to hit more
difficult pitches while remaining as good at
hitting less difficult
ones (Watt 2016 [see Other Internet Resources]). This could be accounted for by the fact that
pitchers have been throwing a higher proportion of difficult-to-hit
pitches. This highlights the way that statistics
about success rates
in performing a task can be misleading in cases where the
task-difficulty changes over time.

6. Conclusions



Simpson’s Paradox is not only a surprising mathematical fact; it
serves as a lens through which to understand the
role of probabilities
in data analysis, causal inference, and decision-making. In this
article, we have
characterized its mathematical properties, given
necessary and sufficient conditions for its occurrence, discussed
its
influence on theories of causality, evaluated competing theories of
the nature of the paradox, and surveyed its
applications in a range of
empirical domains.

Although Simpson’s Paradox has been known for over a century and
has a straightforward probabilistic analysis,
we predict that it will
remain a source of fruitful philosophical discussion. Pearl’s
causal analysis of the paradox
is relatively recent, and it is only
now that graphical causal models are starting to play a central role
in
philosophical discussions of the paradox. Despite the continuity
between graphical accounts and earlier
probabilistic theories of
causality, here we have highlighted ways in which the newer methods
lead one to draw
substantially different implications from the
paradox. Pearl’s account renders certain debates from the
earlier
literature moot, while opening up new debates about the proper
interpretation of the paradox. The responses to
Pearl considered in
section 4
are only the first steps in a broader discussion about the
relationships between
causation, probability theory, and the
psychology of reasoning. There remains room to clarify what it means
to
explain the paradox, and what counts as empirical support for a
particular explanation. Such work would open
the door to empirical
testing, which has thus far been limited.

Finally, we would like to highlight connections between
Simpson’s Paradox and other reasoning fallacies in the
literature. First, the base rate fallacy is related to
Simpson’s Paradox since the illusion that association reversal
is
impossible may be based on a neglect of the different base rates
for treated and untreated people, given the third
variable (Bar-Hillel
1990). Second, the fallacy of mistaking correlation for
causation may contribute to the
appearance of paradoxicality
since association reversal implies two contradicting causal claims,
when combined
with this fallacy. Third, in both Simpson’s
Paradox and the Monty Hall fallacy reasoners fail to see the
probabilistic relevance of causal information. While in
Simpson’s Paradox, reasoners ignore the relevance of a
back-door
path for an observed association, in the Monty Hall problem, reasoners
fail to take into account how
Monty’s action depends on his
knowledge of what is in back of the doors. Fourth, and last, the
capacity of
reasoners to detect the causes of association reversal
also depends on the extent of the confirmation bias to
which
they are exposed (e.g., whether or not they find a discrimination
mechanism plausible). We are unaware
of systematic research into the
connection between Simpson’s Paradox and these reasoning
fallacies, but this
could be a fruitful field for future research.
There is perhaps nothing paradoxical about Simpson’s Paradox,
but
since we often struggle to understand it, our reasoning about
association reversals may be entangled with various
forms of reasoning
that are susceptible to bias and error.
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